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Question One

1.1
1.2

1.3
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1.5

2.1

2.2

2.3

Let a, b, ¢ € Z with ged (a, ¢} = 1. If a| be, show that a |b.

Define a binary operation ~ on @* (the set of all positive rational num-
bers) by ax b = bab for all a, b € Q. Prove that (QF,«) is a group.

Let S =R — {—1}. Define xon S by axb=a+ b+ ab.

(a) Show that + gives a binary operation on S.

(b) Show that .S with « is a group.

(¢) Find the solution of the equation 6%z (—2) =13 in S.

Find all the subgroups of the group Z13 and then draw a lattice diagram
for the subgroups .

Prove that a subgroup of a cyclic group is cyclic.

Question Two

Give an example, with explanation, of a non-abelian group all of whose
proper subgroups are cyclic. {Ensure that you show that your group is
non-abelian and that indeed all its proper subgroups are cyclic).

1234056 .
Let o = 93 16 4 5 be a permutation in Sg.
Find (a) ¢71; (b) the order of o; (c) o3%;

. 12345678 .
(a) Express the permutation o = (3 645187 2) as (i) a

product of disjoint cycles; (ii) a product of transpositions .
(b) Is o even or odd? Explain.
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(5)

(5)
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2.4 (a) Let G be a group of order 21. Show that every proper subgroup of

G is cyclic. (3)
(b) Compute all the left cosets of the subgroup < 5 > of Zy5 (2)

2.5 Argue convincingly that the group Zs x Zg is cyclic by exhibiting an
element of the group that generates all the others. (3)
(22]

Question Three

3.1 (a) Let G be a group. Define a normal subgroup of G.
(b) Let f : G — H be a homomorphism from a group G into a group H.
Define the kernel of f, and then prove that the kernel of f is a normal

subgroup of G. (4)
3.2 Show that if a finite group G has exactly one subgroup H of a given
order n, then H is normal in G. (3)
3.3 Prove that a group homomorphism f is one-to-one if and only if ker f =
{e}. (3)
3.4 (a} Define the center of a group G . (2)
(b} Define the commutator subgroup G of a group G . 2)
(¢) Show that if G is a non-abelian group, then G/Z(G) is non-cyclic
where Z{G) is the center of G. (4)
(d) Show that the commutator subgroup G' of G is normal in G. (3)
3.5 Compute the order of the coset (1,2)+ < (1,0) > in the group
(Zy x Zg)/ < (1,0} > . (3)
[24)



Question Four
4.1 Find a simpler group to which the group (Z4 % Zg)/ < (0,3) > is isomor-
phic. Motivate your answer.

4.2 Let < 8§ =R — {—1},%) > be the group whose binary operation is given
by axb = a+b+abfor a, b € §, as in Question 1.3. Show that
< 8 =R~ {~1},x) > is isomorphic to the group (R — {0}, x).

4.3 Define (i) a ring, (ii) an integral domain, (iii} a division ring.

4.4 Show that M3(Z), the ring of all 3 x 3 matrices with integer entries, is
not an integral domain.

4.5 Prove that every finite integral domain is a field.

4.6 Show that f(z) = z® + 2z + 3 is not irreducible in Zs[z]. Then express
f(z) as a product of irreducible polynomials in Zs[x].

Question Five

5.1 (a) Prove that in the ring Z,, the zero divisors are precisely those elements
that are not relatively prime to n. Hence
(b) find all zero divisors in the ring Z;,.

5.2 (a) Define the characteristic of a ring R.
(b) Find the characteristic of the ring Ziz x Zyp.

5.3 Define f : Z, — Z/pZ, for a prime p, by f(m) = m + pZ. Show that f is
a ring isomorphism.

5.4 (a) Define an ideal of a ring R.
(b) Find a subring of the ring Z x Z that is not an ideal of Z x Z.

5.5 Let R be a ring with unity and N an ideal of R containing a unit. Prove
that ¥V = R.
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Question Six

6.1 (a) Define a prime ideal of a commutative ring 2. (2)
(b) Find a prime ideal of Z x Z that is not maximal, giving reasons. )
(¢) Find a non-trivial proper ideal of Z x Z that is not prime, giving
reasons. (2)

6.2 Prove that if F is a field, then every ideal in the ring F[z] is principal. (6)

6.3 (a) Discuss an example that shows that a factor ring of an infegral do-

main may have zero divisors. (2)
(b) Discuss an example that shows that a factor ring of a ring with zero
divisors may be an integral domain. (2)

6.4 Show that each homomorphism of a field is either one-to-one or maps
everything onto 0, where 0 is the additive identity element. (4)

6.5 Find a maximal ideal of Z x Z, giving reasons. (2)

6.6 Is Q[z]/ < 2% — 6z + 5 > a field? Explain. (Q is the field of all rational
numbers). (2)
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