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Question 1

1.1 State the Bessel’'s function of the first kind and use it to show that

fon/zjl(xcosﬂ) = l_iosx. (10)
1.2 The modified Bessel function of the first kind is defined as
. ¥ 2r+n
n 47iT(r +n+1)
r=
if nis an integer, prove that —I,(x) = I,. (5)
1.3 Prove that, J', (0)J_n(x) = J'_,, () () = 22 (10)
[25]
Question 2
2.1 Let P,{x) be the Legendre polynomials of degree, n which satisfy the differential equation, (15)
(1—x3y" = 2xy" +n{n+ Dy.
(i) State the generating function for Legendre polynomials
(in) Show that (n + 1) P, (x) = 2n + DxB,(x) — nPp,_,(x)
iii) Prove that
i 0 ifm#n
| PaGoRydx = { 2
-1 2Zn+1 ifm=n
2.2 Expand the function {5)
{1 0<x<1
f(x)‘{o —1<x<0
in a series of Legendre polynomials in the form, Yoo 4,5, (%), whered,, = zi;—l—f_il P, (x)f(x)dx.
2.3 Show that X5, P,(cos8) = %cosec(g). (5)
[25]
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Question 3

3.1 The Hermite polynomials H (x), have the following generating function,

Q2056 _ Z H,(x)t"

n!
n=0

3.1.1 Show that A, (x)=2xH, (x)—2nH, _(x),
3.1.2 Prove that

r 2 0 ifm#n
f e~ H (x)H,(x)dx = {Z"nl\/ﬁ

ifm=n

(5)
(10)

3.2 (i) Prove that the Laguerre polynomials, L, (x) are orthogonal in the interval (0, c0) with respect to the

weight function e 7. {ii) Hence or otherwise show that fom e“"‘Ln2 (x)dx = (n!)2.
Question 4
4.1 Consider the following system
Xy 3xy + Ay =0,1<x<e, y()=0, y(e)=0

4.1.1 Show that this is a Sturm Lioville system,
4.1.2 Find the eigenvalues and eigenfunctions of the system.
4.1.3 Find the corresponding orthonormal functions.

(10)
[25]

(2)
(5)
(3)

4.2 Show that the distinct Eigen-values A, and A_ corresponding to the Eigen-functions y,, (x) and y,(x)

of a Sturm-Lioville system are real.

{7)

4.3 (i} Find the Green’s function and {ii) solution of the following the boundary-value problem below,

y2y +2y=x, 0<x<%, y(0) = p(%4) =0.

THE END
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(8)
[25]
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