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INSTRUCTIONS

All questions may be answered.
Show your working.

Sloppy work will be penalised.



1. Kermack and McKendrick’s famous SIR equations of 1927 can be stated as
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in which S denotes the fraction of a population, /N, still susceptible to infection, 3 denotes
the rate of infection, I denotes the fraction already infected, R denotes the ‘recovered’
fraction that have either acquired immunity, or died from the disease, and -y denotes this

rate of recovery, or death.

(a) Write a very brief exposition of the quantity ry and explain its significance when a

naive population is infected. (12 marks)
(b) State and prove the threshold theorem. (12 marks)

(c) For a naive population (R = 0) in the abscence of an epidemic, at least how many

potential hosts, need to be vaccinated? (4 marks)

(d) Derive an expression for the minimum fraction of the population that needs to be
vaccinated, V, in terms of the total fraction infected to date, T, once an epidemic

has broken out. (21 marks)

(e) Sketch an explanatory graph, illustrating all relevant quantities referred to in your

answer to (1d), above. (10 marks)



2. The Lotka-Volterra, predator-prey model can be stated as
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in which t is time, = denotes the population density of a prey species, with growth rate
« and predation rate J, while y denotes the population density of the predator, with a

prey-dependent growth rate § and mortality rate .
(a) Work out the equilibrium points. (11 marks)
(b) Comment on the stability of these equilibrium points. (2 marks)
3. (a) A particle path is the path traced out by a given paticle. What are
streamlines? (4 marks)

(b) Define a steady flow in terms of the answer to (3a), above. (1 mark)

(c) The conservation of linear momentum, for a fluid, can be stated as
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in which v is the velocity, b is the body force per unit mass and o is the stress.
Derive the famous Bernoulli’s equation. (17 marks)

(d) A solid sphere of radius R moves through an infinite expanse of fluid at a

velocity, u. Determine the velocity field of the fluid. (43 marks)



4. Consider arigid body in motion, in terms of some, general reference, f?,(ﬁ, é1,8,,83). Let
% denote the position vector of its centre of mass and X + T the position vector of some,
other, material point within it. Then the principle of conservation of angular momentum

can be stated as
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in which § is the angular momentum and X(# A b) is the sum of the torques which arise
as a result of the external forces acting about the centre of mass (b is the force acting at
K ¥
(a) Reformulate
q= / pt AV dQ,
1
in terms of a new reference, R(o, e1, es, €3), using the famous Coriolis

theorem. (4 marks)

(b) Discuss two attributes this new reference could be chosen to have which would
greatly simplify the new expression you obtained for g. (2 marks)
(c) Show that
q=Jw

in the new reference, where w is the angular velocity and J is the inertia

matrix. (18 marks)



(d) What would the axes have to coincide with, in order for the aforementioned rela-

tionship to be simplified to
Jiw
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(2 marks)

(e) Show that the conservation of angular momentum, equation (1), may be expressed

as
Jll% + (Ja3 — Jog)wsws = Z(rAb)-e
Jgg% + (J11 — Jz)wawy = E(rAb)-e;
J33% + (Joo — Ji)wiwe = E(rAb)-es
in the new, more appropriate reference. (4 marks)

(a) A “cold front” is a weather phenomenon in which a cold, low-pressure cell is
formed near the poles, then moved to lower latitudes. The adjacent warm air tends
to rise, while the cold, frontal air flows in, underneath it, replacing it. Ignoring
Coriolis affects, in what direction will the flow of this cold air be, relative to the

centre of the low pressure system? (1 mark)

(b) In what direction will water flow, relative to an open plug, at the equator? (1 mark)



{c) How do these two directions compare? (1 mark)

(d) Given that our planet spins from west to east, use the famous Coriolis theorem
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(in which w is the angular velocity B relative to B) and the right-hand rule to deter-
mine whether the spin observed from above should be clockwise or anti-clockwise

in the case of:

i. Water flowing out a plug in the Southern Hemisphere. (2 marks)
ii. A cold front the Southern Hemisphere. (2 marks)
iii. Water flowing out a plug in the United States. (2 marks)
iv. A cold front in Europe. (2 marks)

(e) If one considers the purely physical interaction between the boundary layer, or sur-

roundings, in what sense should the flow tend to rotate for:

i. A divergent flow in the Southern Hemisphere? (1 mark)
ii. A convergent flow in the Southern Hemisphere? (1 mark)
iii. A divergent flow in the Northern Hemisphere? (1 mark)

iv. A convergent flow in the Northern Hemisphere? (1 mark)



