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Question 1

1. Let S be a subspace of a linear space X.
(a) (i) Define precisely what it means for S to be absolutely convex; (ii)
What is meant by co(S), the convex hull of S? [3,2]

(b) Show that if S is a nonempty subset of a linear space X, then co(S) is
the set of all convex combinations of elements of S. That is, (8]

co(S) = {Z)\jmjzml,xg,...,mn €S, A =0, Zx\j= l,neN}.

F=1 j=1
2. (a) Let p and ¢ be positive real numbers. Define what it means for p and ¢

to be conjugate exponents. (3]

(b) For £, denoting the set of all sequences (z,)$° of real or complex numbers
satisfying the condition } .o, |z;|” < oo, consider (z,) € £, and (y,) € £,
where p > 1 and ’ + = = 1. Show, quoting accurately any result(s)you

q
use, that

Zfﬁ?«;yﬂ < (Z |93i|p) " (Z lyi|q) "

i=1 =1
[7]
(c) State the Minkowski’s Inequality for sequences. 13]

3. (a) Show that all norms on a finite-dimensional normed linear space are
equivalent.

(b) Use (a) above to show that any linear operator on a finite-dimensional
normed linear space is continuous. [6,4]

Question 2

1. (a) Define what is meant by a Banach Space. [3]

rove that if every absolutely convergent series in a normed linear space
b} P that if bsolutel t series i d li
(X,|]- 1|} is convergent, then X is a Banach space. [7]

2. Prove that every finite-dimensional normed linear space X is complete.  [7]

3. Let (H, (-,-)) be a Hilbert space-over some field F.

(a) Define what is meant by a Hilbert Space. [3]

(b) Show that if A is a linear subspace of H, then M = M*+. [5]

(c) Deduce from (a) that a linear subspace M of H is closed if and only if
M= Mt [3]



o~ w

. Define an operator T : {5 — f5 by

Tz =T(z1,20,23,...) = (:L‘l, :E; :;3 ) , where z = ()0, € fs.
Show that T is a bounded linear operator and find its norm. [7]

Question 3

Let X and Y be normed linear spaces over a field ¥ and let T € B(X,Y).
Prove that [7]

||T||:sup{”” ”” #e}:;|T|1=sup{nTmn:nmn:l}msup{nmn:nxnsu.

(a) State and prove the Riesz-Fréchet Representation Theorem on bounded
linear functionals on a Hilbert space (H, (-, -)). [7]

(b) Let f:4; — C be defined by

32+_+7_2-|— --, where z = (Z,)ne; € fa.

Show that f is a bounded linear functional on Z5. [5]

flz)=x +

Show that the dual of 4 is isometrically isomorphic to £.; that is, £ = £4.[7]

(a) State the Hahn-Banach Theorem for normed linear spaces. (2]
(b) What is meant by a reflezive normed linear space. [3]

(¢} Prove that a closed linear subspace of a reflexive space is reflexive.  [5]

END OF EXAMINATION



