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Question 3 [11]

3.1. Theorem: For n > 2, the number of even permutations in S, is the
same as the number of odd permutations.

3.1.1. Prove the previously stated theorem.
3.1.2.  Find the set of even permutations of §3.

3.1.3.  Verify that A3< ;3 by direct computations, that s,
Vg € S3,Vn € Az that g~ lng = n. [5,2, 4]

Question 4 [15]

4.1. Theorem: Let G beagroupand H < G.LetA = {aH:a € G} and
B ={Ha: a € G}.Then |4] = |B|.
Proof:
Define f:A - Bby f(aH) = Ha™'.lfa,H = a,H
thena, = a,hforsomeh € H.Therefore a, = a.h™1, implying
az* = hai' € Ha7*. Thus Haz' = Ha;® and therefore f is well
defined. To complete the proof, we must show that f bijective.

4.1.1. Complete the proof of the previously stated theorem:. (4]

4.2. Theorem: Let G be a finite group and H < G. Then |H| divides |G|.

4.2.1. Usethefactthatforanya € G, |aH| = |H| to prove
the previously stated theorem.
4.2.2. Compute the distinct cosets of 44 in §.
4.2.3. Use4.2.2.toshowthatAd, < §,. [5, 3, 3]
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Question 7 [14]

7.1. Theorem: Inthe ring Z,,, the zero divisors are precisely those
elements that are not relatively prime to n.

There are two parts to the proof of the aforementioned theorem:

1. Letm € Z,, — {0} and letd = gcd(m,n) # 1. Then it can be shown
that m is a zero divisor by finding a k € Z,, — {0} such that km = 0.

2. Lletm € Z, — {0} andletd = gecd(m,n) = 1. Then it can be shown
thatm is notazeroinZ,.

7.1.1. Write out the proof for part 1 of the previously stated
theorem.

7.1.2. What can be deduced from the theorem in 7.1
about zero divisors in Z, (pis a prime).

7.1.3. Find all zero divisors in Z{5. -

7.1.4. Do the cancellation laws hold in Z4,? Explain.

7.1.5. Explain why Z,5 is not an integral domain.

7.1.6. Find the characteristic of Z4,. [5,2,2,2,2,1]

Question 8 [15]

8.1. Fill in the missing words below.

i. LetI # Rbeanidealofaring R and whenever J is an ideal such
that IS JE Rthenl=Jor]J=R.Thenliscalleda ____ __ ideal of
R.
ii. IfRisacommutative ring with unity,anda € R,thentheset] =
{fra: r € R} = {(a)=isthe ideal of R generated by a.
fii. LetR be acommutative ring. Anideall # Risa ideal if
ab €l,fora,b € R,impliesa€lorb el. [1,1,1]
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