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Question One 19 Points

A simple binary communication channel carries messages by using only two signals,
0 and 1. For a given binary channel, 40% of the time, a 1 is transmitted: the
probability that a transmitted 0 is correctly received is 0.90, and the probability that
a transmitted 1 is correctly received is 0.95.

Draw a tree diagram to represent this information [2]
Determine (a) the probability of a 1 being received, [3]
Given a 1 is received, determine the probability that 1 was transmitted. (3]

Suppose that four balls are selected one at a time, without replacement, from a box
containing 4 red balls and 6 blue balls. Determine the probability of obtaining the
sequence of outcomes red, blue, red, blue. [3]

Of six employees, three have been with the company for five or more years. If four
employees are chosen randomly from the group of six, the probability that exactly
two will have five or more years of senjority is [3]

Three plants, C, Cy, and C;, produce respectively, 10%, 50%, and 40% of a company’s
output. Although plant C, is a small plant, its manager believes in high quality and
only 1% of its products are defective. The other two, C; and Cs, are worse and
produce ftems that are 3% and 4% defective, respectively. All products are sent to a
central warehouse. If one item is selected at random and observed to be defective,
calculate the probability that the item comes from plant C,. (5]
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Question Two 17 Points

Let the random variable X of the discrete type have the pmfgiven by the table

e B L g S, e

_Probability  0.216 . 0432 0.288 ' 0.064 !

Calculate Pr(o < X < 2) [2]

Find the mean of X and variance of ¥ = 2X* 4 X ~1. [5]

Suppose that a random variable X has a discrete distribution with the following
function:

k2™ for x =1,2,3,...,

F 0 otherwise,
Find a number & such that f(x) would be a probability function. 4]
Calculate Pr(X >1) 3]
Show that E[X]= % (3]
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Question Three 24 Points

3.1

31.2

312

3.2

A cubic die is thrown ntimes. Let X; is the number of spots on the " throw and Y
be the total number of spots shown.

Show that £{Y,] = 7n/2 and Var[Y,]=35n/12. [6]
State Chebyshev’s inequality and find an n such that. (6]
Y i
Pr{—lm3.5]> 0.1]=0.1.
n
Let A=np.
Show that
¥ A
nm[”} AY@Quadyr o e =012,
iy y y!

and state the precise relation between the binomial and Poisson distributions.  {6]

Xps-o 0 X, are independent, identically distributed random variables with mean p
and variance ¢’. Find the mean of

S mZ(X, - XV where )_(::lZX,- (6l

|
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Question Three 40 Points

4.1 The joint probability distribution function of the random variables X and Y'is given

by:
N 24(1-x)y, O<y<x<«1

0 elsewhere

flx.y)

4.1.1 Check that fis a proper PDF (i.e. its integral equals 1).
4.1.2 Find the marginal distributions of Xand Y.

413 Hence, calculatePr ¥ <i[X=2.

41.4 Show that the cov(X,¥) = —

75

4.2 Let Xbe an exponentially distributed random variable with PDF
Flx)= e ™ x>0,
where A>0.

421 Find the PGF for X and compute its mean and variance.

422 Calculate :

4.2.2.1 The first quartile
4.2.2.1 The second quartile
4.2.2.1 The third quartile

4.2.3 What is the mean and variance of X.?

4.2.3 derive the distribution of the random variable Y =¢g™".
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