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Instructions
Answer all questions.
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Question One

1.1 Let X be non-empty set and consider the power set of X , P(X).Whenisa
family 5 C P(X) said to be a topology on X . [3]
Hence if X = {a,b,c} and = {gﬁ,{a},{c,b},{b}.{a,b,c}}. Is ¥ atopology on X ? [3]

1.2 Given a topological space (X,S) and considerx € X , when is a
subseté C N, (x) said to be a fundamental system of x. [2]

1.3 Give the definition of (i) Hausdorff topological space.
(it} Regular topological space. (2]

1.4 Prove that the interior of a subset A, int(4) in (X , ,E“s) is an open set. [3]

1.5 Let X be asetand B C P(X).Prove that B is a basis for a topology on X (i.e
{UgeeS |CEBYatopology on X) iff Uy, S=X and T,UEB =T NU is aunion
of some elements of B [5]

1.6 Prove that given a topological space (X, ) and a subspace (S, ), a subset B
of S is closed in (S, ) if and only if there exist a closed set F in{X,%) such that
B=SNF . 15]

1.7 Prove that given a topological space (X ,S‘) and § C X, then the subset § is
locally closed if and only if there exist an open set O and a closed set F in(X,%)
suchthat S=ONF . [7]

Question Two

2.1 Given any two topological spaces (X ,S) and (Y,g) .Give the definition of local
continuity of a function f : X — ¥ at a point x& X .Hence prove thatif U CX and

f:X —Y isamappingthen U C FHF). [4]

2.2 Given any fwo a topological spaces (X , S‘s) and(Y,c), when is a mapping
f:X —Y a homeomorphism? [2]
Hence prove that for such a mapping the following statements are equivalent:

1. fis a homeomorphism of X ontoY .

2. f is continuous and open.

3. fis continuous and closed.

4. N(F®)={f(v):VEN,(x)} foranyxE X . [8]

2.3Prove that if (Yl.,i“si )E, is a family of topological spaces and if (Z ,g) is another
topological space and X is equipped with the initial topology with respect to the



mapping f, : X — Y, then the mapping f :Z — X is continuous at ¢ €Z if and only
if fiof:Z—Y, iscontinuousat x=a foranyi&/. [7]

13

2.4When is the initial topology said to be Hausdorff? Motivate your answer [4]

Question Three

3.1 Prove that a topological space (X ,i”s) is Hausdorff if and only if A is closed in
X xX where A= {(x, x): xEX} the diagonal of X x X . [6]

3.2 Let (¥,,, )., be a family of topological spaces and (X, ) its product topological
space. Prove that if A, C X,, Vi€ then 1;[Al. = 1;[/1_‘ [7]

State any one consequence of this theorem. [2]

3.3 Prove that any point b not belonging to a compact subset A of a Hausdorff
topological space (X ) i"s) can be separated from the compact subset by open sets.  [7]

3.4 Prove that any compact topological space (X ) 5:'9) is regular. [5]

3.5 Let (X ,i”s) be a regular topological space, prove that any compact subset that does
not intersect with a closed subset of X' can always be separated from such a closed
set by closed sets. [8]

3.6 Prove that the Cartesian product of any arbitrary family {(X 0 Sf)};.a of compact
topological spaces (X t.,E’s[.) is also compact. [8]
Write down a consequence of this theorem. [2]



