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QUESTION ONE [32]

i e

1.2

1.3.

If the joint probability distribution of X, and X,is given by

X
A% for¥ =1,2,3% =1,2,3
f(x,x,)=1 36
0 elsewhere
Find
a. The probability distribution of XX ,. [2]
X 1
b. The probability distribution of — . [2]
X 2
c. The joint distributionof ¥, = X; + X, and Y, = X, - X ,. [5]
d. The marginal distribution of Y. [2]
e. Find cov(Y,,Y,). [5]

Suppose that X, X,,...., X

Poisson distribution with mean A .

, are independent random variables each having a

k
2. Find the distribution of Y X . 3]
i=1
k
b. Find the distribution of » X;. When the A; changes from X; to X ;- (that is
i=1
the X ; have different A) [3]

Let Y1 and Y2 be independent random variable each with an exponential distribution

with mean 1 (one). Let Z1 = Yl +Y2 and 22 =Y1 _YZ'

a.  Find the joint probability density function of Z; and Z,. [6]
b. Find the marginal density function of Z, . [3]
c. Are Z1 and Z - independent? [1]
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QUESTION TWO [24]

The management of fast food outlet is interested in the joint behaviour of the random

variables Yl , defined as the total time between a customer’s arrival at the store and the
departure from the service window, and Y, , the time a customer waits in line before
reaching the service window. Because Y:l includes the time a customer waits in line we

must have ¥} =Y, . The relative frequency of observed values of Y, and Y, can be
modelled by the probability density function

g for 0<y, <y <o
f (y17 y2 ) = . !
0 elsewhere
With time measured in minutes.
a. Find P(Y; <2,Y, >1). [3]

b. Find the probability that the time spent at the service window is more than one
minute. [4]

c. Find the conditional density function of Y] given that ¥, =y, . Specify the values

of Y, for which this conditional density is defined. [4]

d. Are Y] and Y, independent? [2]

e. The random variable Yl - Y2 represents the time spent at the service window. find

i. E(Y-Y,). [4]

i.  var(Y, -Y,). 7]
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QUESTION THREE [20]

Let X 1 X geeren X » be independent uniformly distributed random variables on the interval

[0, 7 ] LetY, <Y, <....... <Y, denote the order statistic for this random sample . Find

a. The density function of Y( k)’ the k™ order statistic. [3]

b. f 6@=1 show that Y(k)’ has a Beta density function with

oa=kand f=n-k+1. [4]
c. If @ =1 find var(Y(k)). [3]

Yo
Yo

d. If j=1 andk=n show that U, = and U, =Y, are independent [8]
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QUESTION FOURJ11]

4.1 prove the following theorem:

Let Y, :Yz , ,Y;I be a random sample from a normal distribution with mean 4 and
: 2
variance O . then

(n-1)8?

0_2

Has a ;g(zn _y distribution. 5]

4.2 random variables X ,......, X, are all independent and all have the normal distribution

with mean 0 and variance 1. Identify the distribution of Y in each of the cases below.
Give reasons for your choice of distribution.

10
a. Y= 2 &
- [2]
b, Yo s
50 X7
\ 2 /50
- [2]
98 Xi2
48
c Yy =£21

: 2]
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QUESTION FIVE _ [13]

5.1 State central limit theorem.

[3]

5.2 State and prove the weak law of large numbers.

[3]

5.3 Let Y, have a distribution that is b(#, p). Suppose that the mean z=np is the same

for every n, thatis p = £ where 4 1s a constant. Find the limiting distribution when
n

p:

S =

[5]
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APPENDIX A

nl k-1 n-k

8k (J’(k))=m[f7(y<k))] [1‘F(y(k))]

: F () for =<y <o
If jand k are 2 integers such that 1< j <k <n then

! j-1 k-1-j -k
8ix(¥j Vi) = (j—])!(kv-f— j)z(n_k)![F(yj)] *[F(yk)_F(yj)] *[1”F(yk)] f(yj)f(yi() TERY s Ypue




Continuous Distributions

Moment-
Generating
Distribution Probability Function Mean Variance Function
1 b, +8 (6, — )% L
. ey : @i LR 2
Uniform F») ) 6, =y=8, 5 12 1, — )
Normal ) 1 [ ( 1 )( }2:r 2 - — et
= ex ol = i o T
3 i P \2{12 J— K H 3
—0C <y < 400
1 2 —
Exponential fy = Fe""”"'ﬁ: =0 B Vi (1 —pn!
O<y<x
Gamma £ = [ ﬁ} yo=lemr1B, op ap? (- poye
O<y<oo
' (JI)(v/E'I-le—_v,ﬂ'Z —y!2
Chi-square fO) = —F———; 2v (1=20n""
q ) P (/) v
yE=0
Mo + B) :] L -1 o aff o
Beta )= | ———" {1 = pFY does not exist in
f [F(a)l"(fj) Y=y TP ieiraT

O<y<l

closed form



